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ABSTRACT
A well‐parameterized battery model is prerequisite
of the model‐based estimation and control methods.
This paper focuses on the unbiased model parameter
identification when noises corrupt the measurements.
The parameter identification problem within the noise
corruption scenario is reformulated as a nonlinear least
squares (NLS) problem. A novel offline two‐step method
combining least squares (LS) regression and variable
projection algorithm (VPA) is then proposed to co‐
estimate the noise variances and unbiased model
parameters. The proposed LSVPA is further extended to
the online recursive version by using the Gauss‐Newton
(GN) method. Simulation and experimental results show
that the proposed method can well compensate for the
noise effect and improve the accuracy of model
parameterization.
Keywords: lithium‐ion battery, model parameter
identification, noise compensation, variable projection
1.

INTRODUCTION
Lithium‐ion batteries (LIBs) have been widely used
for electric vehicles (EVs), while a reliable battery
management system (BMS) is indispensable to improve
the safety and life expectancy of LIB systems.
The model‐based management has been widely
studied over years due to the merit of high accuracy
and robustness. Some typical applications include the
model‐based state estimation [1], fault diagnostic [2],
and charge control [3]. Models for LIB can be broadly
categorized into physics‐based model [4], artificial
intelligence model [5], and equivalent circuit model
(ECM) [1]. Amongst others, the ECM has seen most
applications for the structural simplicity and reasonable
accuracy. However, the parameters of ECM are affected

by many factors, which cause the ECM difficult to be
parameterized, while an ill‐parameterized model largely
declines the model‐based estimators or controllers.
The model parameter identification has been widely
studied in the literature. The least squares (LS) and
population‐based optimization [6] are typically used for
offline identification. In contrast, online identification
can be achieved by methods like recursive least squares
(RLS) [7] and extended Kalman filter (EKF) [8]. Such
methods have been validated under laboratory
condition. However, the acquired data in BMS contains
unexpected noises which adversely affect the model
identification. Noise‐induced identification biases can
be theoretically eliminated using bias compensating
methods [9], but the knowledge of noise statistics is
hardly known in practice. The total least squares (TLS)‐
based methods [10, 11] were proposed to attenuate the
noise‐induced parameterization biases. However, an
approximate guess of the input and output noise level is
required to give an accurate solution.
This paper focuses on the noise‐immune model
identification for LIB. The LS‐based method is shown to
be asymptotically biased if noises corrupt both system
input and output. To address this problem, a novel
method combining least squares (LS) regression and
variable projection algorithm (VPA) is proposed to co‐
estimate the noise variances and unbiased model
parameters. The recursive version of proposed LSVPA is
also put forward for potential online utilization.
The rest of paper is organized as follows. Battery
modeling and fundamental for parameter identification
are presented in Section 2. The proposed noise‐immune
identification method is detailed in Section 3. Results
are presented in Section 4, while conclusions are drawn
in Section 5.
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2.

MODELING AND IDENTIFICATION

2.1 Battery Modeling
A general n‐th order RC model as shown in Fig 1 is
widely used for the BMS design. The voltage source
describes the SOC‐dependent OCV, while Rs is the ohmic
resistance. The RC parallel branches aim to simulate
polarization effects including charge transfer, diffusion,
and passivation layer effect on electrodes. Governing
equations of the n‐th order RC model are given by:
C pi dV pi (t ) dt  Vpi (t ) R pi  I 0 (t )
(1a)

Vt 0 (t )  Voc (t )   i 1V pi (t )  I 0 (t ) Rs
n

(1b)

z (t )   I 0 (t ) Q
(1c)
where I0 denotes the load current, Vpi the voltage across
the i‐th RC branch, Vt0 the terminal voltage, z the SOC, η
the coulomb efficiency, Q the maximum capacity. The
OCV as a function of SOC are calibrated as:
Voc  f ( z )   i p0 ci z i
n

(1d)

where ci (i = 0, 1, 2, …, np) are the polynomial
coefficients.

complexity of commonly used identification methods. In
this paper, model order is determined as 1 considering
the extra computing burden brought by the need of
both online parameterization and state observation.
3.

NOISE‐IMMUNE PARAMETERIZATION

3.1 Error‐in‐Variables Analysis
The observations under noise corruption are:
(5)
I k  I 0, k  I k , Vt , k  Vt 0, k  Vt , k
where ∆I and ∆Vt are noises on I0 and Vt0. The noises are
assumed to be zero‐mean, ergodic, and random with
variances of σi and σv. The noises are also assumed to
be mutually uncorrelated and independent from true
values. Then the input and output of Eq. (4) become:
(6a)
φk  φ0, k  φk
yk  Vt 0, k  Vt , k  Voc , k  y0, k  Vt , k

(6b)

The noise corruption recast the solution of (4) a
typical error‐in‐variable (EIV) problem.
Definition: The auto‐ and cross‐covariance matrices
of two vectors (pk and qk) are defined by (7a). The cross‐
covariance vector between an vector (pk) and a scalar
stochastic process (rk) is defined by (7b), whilst the
auto‐ and cross‐covariance functions of two scalar
stochastic processes (rk and dk) are defined by (7c).
R p = E  pk pkT  , R pq = E  pk qkT 
(7a)

ξ pr  E  pk rk  , ξ rp  E  rk pkT 

Fig 1 n‐th order RC model for LIBs

2.2 Parameter Identification
The model parameters associated with Eqs. (1a)‐
(1c) should be identified accurately. Applying Laplace
transform to Eqs. (1a)‐(1b) gives:
R pi
y0 ( s )
n
(2)
  Rs   i 1
1  R pi C pi s
I 0 ( s)
where y0 = Vt0  Voc. Applying bilinear transform s = 2 (q
– 1) / ts / (q + 1) to (2) gives:

y0 (q 1 ) I 0 (q 1 )   i 0 bi q  i (1   i 1 a1q  i )
n

n

(3)

where q‐1 is the backward shift operator. Rewriting Eq.
(3) in the discrete‐time domain gives:
y0, k  θkT φ0,k
(4)
where θ = [ak bkT]T with a = [a1, a2, …, an] and b = [b0,
b1…, bn]T, φ0,k = [y0,k‐1, …, y0,k‐n, I0,k, I0,k‐1, …, I0,k‐n]T.
It is explicit that increasing the model order
elevates the computing cost due to the cubic

(7b)

Rr  E  rk rk  , Rrd  E  rk d k 
(7c)
where E[•] is the expected value operator.
With the corruption of noises, the compensated
unbiased solution of Eq. (4) is given by [12]:
(8)
θ *  Rφ01ξ φ0 y0  ( Rφ  Rφ ) 1 ( ξ φy  ξ φy )
while the LS ignores the effect of noises and gives:



θLS  Rφ1ξ φy  Rφ0  Rφ

 ξ
1

φ0 y0

 ξ φy



(9)

It is hence validated that the LS is asymptotically
biased if the system input is disturbed with noises, due
to the violation of underlying assumptions of LS.
3.2 Co‐estimation of Parameters and Noise Variances
To eliminate the asymptotic bias of identification,
the noise‐induced covariance on system output and
regressor has to be compensated. From this view, the
parameterization problem can be reformulated as:
(10a)
ξ yφθ  Ry   v

 Rφ  Rφ (σ )  θ  ξ φy

2

(10b)
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where it is clear that nθ+1 equations are established and
one degree of freedom (DOF) remains. Hence, a unique
solution can be arrived provided additional constraints
are introduced. The IV estimation is applied in this
paper with following time shifted inputs as instruments:
T

(11)
ς k   I k  nb I k  nb 1 ... I k  nb  nς 1 
where n is the number of additional inputs. Then the
following constraint holds:
Rςφθ  ξ ςy
(12)
Now we reformulate a new set of normal equations
which is overdetermined. Define wk  [ yk φkT ς kT ]T ,
combining Eqs. (10a), (10b) and (12) gives:
 Rwφ  Rwφ (σ )  θ  ξ wy  ξ wy (σ )
(13a)
where
 0
 I
v na
Rw φ (σ )  
 0

 0

ξ wy (σ )   v

0 
0 
nw nθ
 i I nb 

0 

where F(σ)F+(σ) is the orthogonal projector on the range
of F(σ). The minimization problem can be solved by any
optimization method in an offline manner.
Remark 1: The global minima of ε(θ, σ) is the same
2
2
with ε(σ), i.e.  (θˆ, σˆ )   (σˆ ) . The dimension of the
2

2

resulting minimization problem is hence reduced by
applying VPA. This also lowers down the risk of being
trapped in a local minimum.
Remark 2: Compared to minimizing Eq. (14), the
VGA generally converges in less iterations.
Obviously the co‐estimation problem can be solved
via a two‐step algorithm which solves Eq. (17) and then
Eq. (16). Since the two equations are formulated with LS
principle and VPA, the proposed method is shortened as
LSVGA.
3.3 Online Version of LSVGA

(13b)

0 0 nw 1
T

(13c)

The identification of overdetermined system (13a)
boils down to a separable optimization problem:
2
(14)
ρˆ  arg min  ( ρ) 2

The model parameters are expected to be online
adapted due to their time‐variant feature, so that an
online version of the proposed LSVGA is favorable.
The minimization problem in Eq. (17) is solved
iteratively via the Gauss‐Newton (GN) method which
facilitates online calculation. The GN‐based LSVGA can
be summarized into three steps as shown in Table 1.

ρ

where ρ = [θT, σT] with σ = [σv, σi]T. The presented
minimization problem can be solved by finding the
global minimizer of the sum of squares of nonlinear
residual ε. Referring to (13a) and assuming a known
variance vector, the residual is easily written as:
(15a)
 (θ )  F (σ )θ  f (σ )
where
F (σ )  Rwφ  RΔwΔφ
(15b)

f (σ )  ξ wy  ξ wy

Table 1 Procedures of the GN‐based LSVGA
T

Define ρˆ k  θˆkT σˆ kT  as the current solution.
Step 1: Solve the linear sub‐problem:
(18)
θˆt , k  F  (σˆ k ) f (σˆ k )
T

and set ρˆ t , k  θˆtT, k σˆ kT  .


Step 2: Compute the Gauss‐Newton update direction
μk at ρˆ t , k by solving:

(15c)

μˆ k  arg min J ( ρˆ t ,k ) μk   ( ρˆ t ,k )

The presented minimization problem can be easily
solved via the LS principle:
θˆ  F  (σˆ ) f (σˆ )
(16)
It is shown the noise variances are prerequisite for a
unique solution of the model parameters. The variable
projection algorithm (VPA) is applied here to extract the
unknown variances. Substituting (16) into (15a) gives:
2
σˆ  arg min  (σ ) 2

k

σ



2

 arg min [ I  F (σ ) F (σ )] f (σ )
σ

(19)

 ( ρˆ t , k )   ( ρˆ t , k )  ( ρˆ t , k ) 

 (20)
ρˆ t ,k
σˆ k 
 θˆt , k
Step 3: Update the parameters and noise variances:
(21)
ρˆ k 1  ρˆ t ,k  μˆ k  k
where α is the user‐defined step size.
J ( ρˆ t ,k ) 

(17)

2

2

where J ( ρˆ t , k ) is the Jacobian matrix given by:

σ

 arg min f (σ )  F (σ )θ (σ )

2

The entries of the J ( ρˆ t ,k ) are given by:
 ( ρˆ t , k )
 F (σˆ k )
θˆ

2
2

(22a)

t ,k

3
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 ( ρˆ t ,k ) F (σˆ k ) ˆ
f (σˆ k )

θt , k 
(22b)
σˆ k
σˆ k
σˆ k
Note that the residual function is also linear in σ, i.e.
(23a)
 ( ρˆ t , k )  G (θˆt , k )σˆ k  g (θˆt , k )
where
G (θˆt , k )  ξ wy (σˆ k )  Rwφ (σˆ k )θˆt ,k
1 atT, k
0

0
btT, k
0
g (θˆ )  ξ  R
t ,k

wy

T

0
n 2
  w
0 

(23b)

θˆ

(23c)

wφ t , k

well compensate for the noise effect and identify the
unknowns with much less biases. The ohmic resistance
is identified quite accurately within the considered
conditions, while the biases of Rp and Cp can be confined
to 11.1% and 8.3% respectively.

Equation (22b) hence simplifies to:
 ( ρˆ t ,k )
 G θˆt , k
(24)
σˆ k
Substituting Eq. (22a) and (24) into (20), then the
optimization problem in Eq. (19) can be solved by:
μˆ k  J  ( ρˆ t , k ) ( ρˆ t ,k )
(25)

 

which completes the derivation of the GN‐based LSVPA.
4.

RESULTS AND DISCUSSION

4.1 Offline Identification

Fig. 2 Identification error of model parameters under
different noise SDs: (a) Rs, (b) Rp, (c) Cp

Periodical offline identification based on batch data
is promising for model adaptation considering the
potential use of cloud‐based BMS. However, raw data
collect from vehicle environment are featured with
large disturbances. Hence, simulations are performed in
this section to validate the proposed method for batch
calculation. The first‐order RC model in use is built in
Matlab/Simulink, where model parameters are pre‐
defined to provide reference for the identified results. A
hybrid pulse current is inputted to the model and the
resulting voltages are sampled for offline model
parameter extraction. With user‐defined initial SOC, the
reference of SOC and OCV can be known for validation.
Random noises with different standard deviations (SDs)
are added to the simulated signals.
The offline identification results by using commonly
used LS and the proposed LSVPA are shown in Fig. 2. It
is observed that LS gives obvious biased identification
for all the parameters. The biases increase
monotonously as the noise intensities enlarge. This is
because the noise corruption on both system input and
output violates the underlying assumption of LS.
Moreover, the polarization impedances (Rp and Cp) are
much more vulnerable to the disturbances than the
ohmic resistance. Under a noise SD of 10 mV/mA, the
biases of Rp and Cp reach up to 44.6% and 86.7%,
respectively. By comparison, the proposed LSVPA can

Fig. 3 Modeling results with LS and LSVPA used for
parameterization: (a) load current, (b) predicted voltage, (c)
zoom‐in figure of (b), and (d) voltage prediction error

4
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To give a more explicit description, the modeling
results with LS and LSVPA used for parameterization
under the noise SD of 10 mV/mA are plotted in Fig. 3. It
is shown the model parameterized via LSVPA predicts
the terminal voltage much more accurately than the LS‐
based model. This is within expectation as the model
parameters which underlie the prediction accuracy have
been identified with improved accuracy via the LSVPA.

shown in Fig. 4. The reference model parameters
explicitly show a time‐variant and SOC‐dependent
feature, which validates the need of online parameter
identification. The RLS‐based method converges easily
from the erroneous initialization, but substantial
steady‐state biases can be observed, especially for Rp
and Cp. By comparison, the GN‐based LSVPA keeps
tracking the reference values with reduced biases, due
to the merit of noise statistics estimate and noise effect
compensation.

4.2 Online Identification
An online recursive version of the LSVPA has been
exploited via the Gauss‐Newton method. In this section,
experiments are performed on an 18650 NMC cell with
nominal capacity of 2200 mAh to further validate the
GN‐based LSVPA. The hybrid pulse condition the same
as in Fig. 3 (a) is imposed on the cell leveraging a battery
cycler, inside which the ranges of sensors are 10 A and 5
V, while the error limits are both within 0.05%. As
signals are sampled with accurate sensors under a well‐
protected lab environment, random noises with SDs of
10 mA and 2 mV are imposed on the measurements to
simulate an environment with noise contamination.

5.

CONCLUSION
This paper aims for the noise‐immune model
identification for LIB. A novel LSVPA method is proposed
to co‐estimate the noise variances and unbiased model
parameters. The GN‐based LSVPA as a recursive version
has also been put forward for real‐time utilization. The
proposed methods have been validated by both
simulations and experiments. Results show that the
proposed method well compensates for the noise effect
and attenuates the identification biases caused by noise
corruption. Comparison with the LS‐based method
further suggests the superiority of the proposed
method in noise immunity and identification accuracy.
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Fig. 4 Experimental results of online model identification

Note that the GN‐based LSVPA needs the OCV to
establish the regression model. Hence, an SOC observer
is designed via pole placement and the estimated SOC is
used to infer the OCV. The observer is integrated with
the GN‐based LSVPA in an interconnected framework to
allow online model identification. The online identified
model parameters along with their reference values are
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