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ABSTRACT 
Multi-stack solid oxide fuel cell (SOFC) systems suffer 

from issues such as state of health (SOH) heterogeneity, 
migration of optimal power regions caused by 
degradation, and high computational complexity in high-
dimensional optimization during long-term operation. 
Based on the power evolution characteristics of a single 
stack under varying SOH, this paper proposes the 
concept of power equivalence and establishes its 
quantitative model. Within the framework of 
approximate dynamic programming (ADP), the power 
equivalence factor is employed as a state aggregation 
operator to map the high-dimensional SOH space to low-
dimensional reference states, thereby reducing the 
complexity of lifecycle optimization. Meanwhile, a SOH-
dependent safe power upper bound constraint is 
introduced to determine the feasible operating region of 
each stack. The above work lays a critical theoretical and 
methodological foundation for the further development 
of real-time power reconfiguration and health-aware 
cooperative optimal control for multi-stack SOFC 
systems. 
 
Keywords: Multi-stack SOFC system, State of Health, 
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NONMENCLATURE 

Abbreviations  
 SOFC Solid Oxide Fuel Cell 
 SOH State Of Health 
 ADP Approximate Dynamic Programming 
Symbols  
 𝑅𝑑 Degradation internal resistance 
 𝑆𝑂𝐻𝑟𝑒𝑓  Reference SOH 
 𝑃𝑆𝑂𝐻,𝑖  Stack power under a given SOH state  
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 𝑃𝑆𝑂𝐻,𝑟𝑒𝑓 
Stack power under the reference 
SOH state 

 𝐹⃗𝑆𝑂𝐻𝑖,𝑃 
Feature vector corresponding to 
power P under a given SOH state 

 𝑥𝑘 
System SOH state vector at decision 
stage k 

 𝑢𝑘 
Power allocation vector at decision 
stage k 

1. INTRODUCTION 
Solid oxide fuel cell (SOFC) possesses the advantages 

of high efficiency, flexible fuel adaptability and low 
emission, and exhibits broad application prospects in 
distributed generation and integrated energy systems 
[1]. To meet the requirements of high-power 
applications, multi-stack SOFC systems have become the 
mainstream configuration for large-scale deployment 
[2]. However, as the number of stacks increases, 
electrical coupling within the system becomes stronger 
and the degrees of freedom of control inputs expand. 
Meanwhile, significant heterogeneity in the state of 
health (SOH) among stacks further complicates system 
operation. Consequently, achieving health-aware and 
efficient power allocation over the entire lifecycle has 
become a critical challenge. 

Current research on power allocation in multi-stack 
SOFC systems can generally be categorized into three 
types: rule-based, optimization-based, and learning-
based methods. 

Rule-based methods achieve fast scheduling through 
predefined allocation logic. For example, Marx et al. [3] 
proposed a state-machine-based allocation strategy and 
evaluated key indicators such as fuel consumption and 
operating duration using a macroscopic energy 
representation dynamic model. Cardozo et al. [4] 
designed three allocation rules, including average 
distribution, sequential distribution, and maximum 
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steady-state efficiency-based distribution, and analyzed 
system cost and stack degradation under different rules. 

Optimization-based strategies aim to improve 
performance through mathematical optimization. For 
instance, Wang et al. [5] employed the forgetting-factor 
least squares method to identify the optimal system 
efficiency curve and applied sequential quadratic 
programming (SQP) to solve the equivalent hydrogen 
consumption minimization problem online. Yan et al. [6] 
proposed an “equivalent fitting circle” method from a 
geometric perspective based on a three-dimensional fuel 
cell efficiency model, enabling offline computation of 
power allocation among multiple stacks. 

Learning-based approaches provide enhanced 
adaptability. Munoz et al. [7] designed a neural network 
controller aimed at minimizing total energy 
consumption. The neural network was trained using 
eight different driving cycles and optimized via 
minimum-gradient training to determine the optimal 
power allocation flow. Shi et al. [8] proposed an energy 
management system based on independent Q-learning 
(IQL). After offline training of the IQL strategy, multiple 
stacks were treated as independent agents during online 
operation, and value iteration enabled rapid 
convergence to a Nash equilibrium. 

Overall, existing studies rarely analyze the migration 
law of optimal power regions from the perspective of 
single-stack SOH evolution. They suffer from high 
computational complexity and insufficient real-time 
performance under high-dimensional health state 
combinations, and inadequately characterize the safe 
operating regions of degraded stacks. 

To address these issues, this paper analyzes the 
degradation and migration characteristics of a single fuel 
cell stack and proposes the concept of power 
equivalence based on single-stack SOH evolution. Within 
the approximate dynamic programming (ADP) [9] 
framework, the power equivalence concept is used as a 
state aggregation operator to reduce the dimensionality 
of the multi-stack SOH space. Meanwhile, a real-time 
SOH-dependent safe power upper bound constraint is 
introduced to determine the operating range of each 
stack, providing a theoretical basis for subsequent real-
time power reconfiguration of multi-stack SOFC systems 
under high-dimensional SOH combinations. 

The structure of this paper is as follows: Section 2 
establishes the degradation model; Section 3 constructs 
the power equivalence factor and presents its 
interpretation under the approximate dynamic 
programming framework as well as safety constraints; 
Section 4 elaborates on the application ideas of power 

equivalence in multi-stack SOFC systems to provide 
references for subsequent research on power allocation; 
Section 5 concludes the paper. 

2. MULTI-STACK SOFC MODEL 

2.1 System introduction 

Fig 1 illustrates the configuration of the externally 
reformed multi-stack SOFC power generation system. To 
integrate the advantages of both series and parallel 
configurations [10], a gas flow topology with series 
connection followed by parallel connection is adopted in 
this study. Meanwhile, a circuit structure in which two 
stacks share one DC/DC converter is employed, forming 
a four-stack SOFC system. Each stack has a rated power 
of 1 kW, where Stacks 1 and 3 serve as the inlet stacks of 
the series branches, and Stacks 2 and 4 serve as the 
corresponding outlet stacks. The multi-stack mechanistic 
model is developed based on the 1 kW-class SR-SOFC 
experimental platform at the Fuel Cell Research Center 
of Huazhong University of Science and Technology. 
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Fig. 1 Schematic structure of the multi-stack SR-SOFC 
system 

2.2 SOFC Stack Model 

The SOFC stack, as the core component of the 
system, is described by a mechanistic model consisting of 
three parts: an electrochemical model, a mass 
conservation model, and an energy conservation model. 
Based on a non-degradation model, an equivalent 
internal resistance growth mechanism is introduced to 
characterize performance degradation caused by 
operating time and varying operating conditions. In this 
way, an SOFC stack model capable of representing full 
lifecycle characteristics is established. The key governing 
equations are given in (1)–(2), and the detailed modeling 
procedure can be found in the previous work of the 
research group.[11,12] 

𝑅𝑑(t) = (0.54𝜂𝑓𝑢𝑒𝑙 + 0.59)(𝑒2.64𝑖 − 1)
1+exp⁡(

𝑇𝑔−12

2.36
)

1+exp⁡(
𝑇𝑎−1173

22.4
)
 () 

 𝑉 = 𝑉𝑂𝐶𝑉 − 𝑖𝑅 = 𝑉𝑂𝐶𝑉(1 − 𝑡 ∙ 𝑣𝑑) () 
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2.3 Model Verification 

To verify the accuracy and reliability of the proposed 
model, experimental data are used to validate the 
degradation model of the externally reformed SOFC 
system. As shown in Fig. 2, the validation data are 
obtained from an accelerated aging experiment of a 1 
kW-class externally reformed SOFC system during the 
methane reforming stage. Under identical input 
parameters and operating conditions, the simulation 
results are compared with the experimental 
measurements. The results demonstrate that the model 
accurately captures the performance degradation trend 
and shows good agreement with the experimental data, 
thereby confirming the effectiveness and computational 
accuracy of the proposed degradation model. 

 

Fig. 2 Verification of SOFC degradation model 

3. POWER EQUIVALENCE MODELING AND 
OPERATING REGION OPTIMIZATION 

To analyze the health degradation characteristics of 
a single stack, and to avoid insufficient fuel supply during 
the operation of multi-stack SOFC systems while 
achieving efficient temperature regulation, the main 
system inputs and outputs used in this study, along with 
their corresponding ranges, are presented in Table 1. 

TABLE I.  INPUT/OUTPUT & CONSTRAINT RANGE 

Input Instruction Range 
𝑰𝒊

a current of the 𝒊-th stack (A) [10-80] 

𝑭𝑼 fuel utilization [0.5-0.8] 

𝑨𝑭𝑹 air-to-fuel ratio [35-50] 

Output Instruction Range 

𝑻𝑩 burner temperature(K) ≤1273 

𝑻𝑷𝑬𝑵,𝒊 
pen temperature of the 𝒊-th 

stack(K) 
[973，
1173] 

𝑻𝒈,𝒊 
temperature gradient of the 𝒊-

th stack (K) 
<8 

𝑺𝑬 system efficiency - 

𝑷𝒆𝒏𝒕 system net output power(W) - 

𝑺𝑶𝑯𝒊 state of health of the 𝒊-th stack [0.8-1] 
a. System is operated under constant output current mode 

3.1 SOH-dependent Efficiency-Life Characteristic 

To analyze the migration law of single-stack 
efficiency and lifetime with SOH, this paper investigates 
the characteristic evolution maps under various power 
levels. Efficiency and expected lifetime distributions on 
constant-power surfaces are constructed and compared 
for SOH = 1 and 0.95 at 1200 W, 1000 W, and 700 W, with 
the results shown in Fig 3. The contour lines in the figure 
represent efficiency and expected lifetime respectively, 
where the latter refers to the remaining usable lifetime 
of the stack from the current SOH to the end-of-life 
threshold. 

As shown in Fig. 3(a)(b), for a fixed SOH, stack current 
has the most significant effect on output power; under 
constant power, AFR and FU mainly influence the 
distribution of efficiency and expected lifetime. A 
comparison across different power levels reveals that 
efficiency and expected lifetime generally decrease as 
output power rises. Therefore, at the same SOH and 
operating parameters, reducing the output power helps 
improve the overall performance of the stack. 

 

Fig. 3 Constant power surface efficiency and life 
diagram at different SOHs: (a)SOH = 1.0, Efficiency 
diagram (b) SOH = 1.0, Life diagram (c) SOH = 0.95, 

Efficiency diagram (d) SOH = 0.95, Life diagram 

By comparing Fig. 3(a)(c) and (b)(d), it can be 
observed that a lower SOH requires a larger current to 
achieve the same power, resulting in degraded efficiency 
and lifetime. This is attributed to the aggravated voltage 
loss under identical operating conditions due to material 
and interface aging in the stack. For degraded stacks, the 
operating current and power should be reduced to 
alleviate performance degradation caused by thermal 
stress and high-load operation. 

3.2 Power Equivalence concept 

For SOFC stacks, when the SOH decreases, 
appropriately reducing the output power can still 
maintain efficiency and lifetime levels close to those of a 
healthy state. This indicates that, in multi-stack systems, 
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reasonable power allocation based on real-time SOH 
enables degraded stacks to achieve performance 
comparable to that of new stacks, thereby providing a 
theoretical basis for power reconfiguration. 

Accordingly, this paper proposes a power 
equivalence method based on the efficiency–lifetime 
expectation distribution of constant power surfaces, 
which is used to determine the operating power at which 
a degraded stack can achieve efficiency and lifetime 
characteristics comparable to those of a non-degraded 
stack. 

Power equivalence for a single-stack SOFC system 
refers to the following: under different system 
states⁡𝑆𝑂𝐻𝑖, if the efficiency-life expectancy distribution 
of a certain power 𝑃𝑆𝑂𝐻,𝑖  is most similar to the 
efficiency-life expectancy distribution of a certain power 
𝑃𝑆𝑂𝐻,𝑟𝑒𝑓  under the reference state 𝑆𝑂𝐻𝑟𝑒𝑓 , then 

𝑃𝑆𝑂𝐻,𝑖 is called the equivalent power of 𝑃𝑆𝑂𝐻,𝑟𝑒𝑓 at the 

𝑆𝑂𝐻𝑖 state relative to the 𝑆𝑂𝐻𝑟𝑒𝑓 state. That is to say, 

if two power levels exhibit approximately consistent 
distributions of system efficiency and expected lifetime, 
they can be defined as equivalent powers. 

To this end, the efficiency–lifetime distribution on 
each constant-power surface is first characterized, and a 
14-dimensional feature vector is constructed to describe 
its distributional properties, as shown in Table 2. The 
similarity between distributions under different SOH 
levels is then quantified by computing the Euclidean 
distance between feature vectors, thereby establishing 
the power equivalence relationship among different 
health states. 

TABLE II.  FEATURE VECTOR PARAMETERS 

Paramet
er 

Definition 

𝝁𝜼, 𝝁𝑳 
Mean of the desired distribution for 

efficiency and lifetime 

𝝈𝜼, 𝝈𝑳 
Standard deviation of the desired 

distribution for efficiency and lifetime 

𝜸𝜼, 𝜸𝑳 
Skewness of the desired distribution for 

efficiency and lifetime 

𝜿𝜼, 𝜿𝑳 
Kurtosis of the desired distribution for 

efficiency and lifetime 

𝓰𝜼̅̅̅̅ , 𝓰𝑳̅̅̅̅  
Average gradient of efficiency and lifetime 

expectations with respect to the input 

For an arbitrary health state 𝑆𝑂𝐻𝑖 , its equivalent 
power with respect to a reference power under the 
reference health state 𝑆𝑂𝐻𝑟𝑒𝑓  is determined according 
to (3). Here, 𝑃∗ denotes the equivalent power to be 
obtained, 𝑆(𝑆𝑂𝐻𝑖)  represents the set of all sampled 

power points under 𝑆𝑂𝐻𝑖, and 𝐹⃗𝑆𝑂𝐻𝑖,𝑃 and 𝐹⃗𝑆𝑂𝐻𝑟𝑒𝑓,𝑃𝑟𝑒𝑓  

denote the feature vectors corresponding to each power 
point under 𝑆𝑂𝐻𝑖  and the reference feature vector 
under 𝑆𝑂𝐻𝑟𝑒𝑓  , respectively. 

 𝑃∗ = 𝑎𝑟𝑔 min
𝑃∈𝑆(𝑆𝑂𝐻𝑖)

‖𝐹⃗𝑆𝑂𝐻𝑖,𝑃 − 𝐹⃗𝑆𝑂𝐻𝑟𝑒𝑓,𝑃𝑟𝑒𝑓‖2
 

= √∑ (𝐹⃗𝑆𝑂𝐻𝑖,𝑃
𝑗

− 𝐹⃗𝑆𝑂𝐻𝑟𝑒𝑓,𝑃𝑟𝑒𝑓

𝑗
)214

𝑗=1            (3) 

The equivalent power of an SOFC stack under any 
health state, relative to a specific power under the non-
degraded state, can be expressed as the product of that 
power and a power equivalence factor dependent only 
on SOH. In this study, a quadratic polynomial is used to 
fit the nonlinear relationship between the power 
equivalence factor and SOH, as shown in (4). 

 𝐾(𝑆𝑂𝐻) = 𝑎 ∙ 𝑆𝑂𝐻2 + 𝑏 ∙ 𝑆𝑂𝐻 + 𝑐     (4) 

The coefficients obtained via least-squares fitting are  

a = −5.17, b = 13.55, c = −7.37. The fitting results are 
shown in Fig. 4. Within the experimental SOH range, the 
coefficient of determination is 𝑅2  = 0.9972, and the 
normalized data points are mostly distributed within the 
±1σ error band, indicating small fluctuations. These 
results demonstrate that the proposed model can 
accurately capture the variation law of the power 
equivalence factor with respect to SOH. 

 
Fig. 4 Fitting Curve of Power Equivalent Factor with 
Respect to SOH 

3.3 Power Equivalence and Power Constraints in Multi-
Stack SOFC System 

Power equivalence only describes the equivalent 
output capability of SOFC stacks under different SOH 
levels, without considering the maximum load-bearing 
power constraint. To prevent failure risks caused by 
power concentration in multi-stack systems, this study 
incorporates DOE [13] standards and SOFC degradation 
mechanisms, defining the maximum power threshold 
based on a power surface degradation rate exceeding 
2%/khrs for the non-degraded stack. In the proposed 
system, when SOH = 1, the maximum allowable power of 
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the inlet and outlet stacks is 1300 W and 1200 W, 
respectively. The maximum safe power decreases 
linearly with SOH, as expressed in (5). 

 𝑃𝑚𝑎𝑥(𝑆𝑂𝐻) = 𝑃𝑚𝑎𝑥(𝑆𝑂𝐻 = 1) ∙ 𝑆𝑂𝐻 () 

 
Fig. 5 The curve of equivalent power change with SOH, 
(a)The equivalent power of the typical power of SOH=1 

under other SOH (b) Equivalent power normalization 

Taking the inlet stack of a branch as an example, the 
constrained power equivalence characteristics are 
investigated. When the inlet stack operates at SOH = 0.9 
(see Fig. 5(a)), the optimal power region under different 
SOH levels is approximately given by the product of the 
rated power and the current SOH. The region between 
the optimal power upper bound and the maximum 
allowable power represents a controllable over-limit 
zone in which degradation remains acceptable and can 
be utilized for lifetime balancing in multi-stack systems. 

Based on the equivalent factor fitting curve in (4), the 
equivalence factors for different SOH levels are obtained, 
and the corresponding equivalent power of the SOH = 0.9 
power threshold under other SOH conditions is derived 
(dashed line in Fig. 5(a)). When mapped to SOH = 1, part 
of the equivalent power exceeds the maximum allowable 
power of the healthy stack. 

Using the equivalent power of the SOH = 1 maximum 
allowable power as a boundary, the power operating 
range of the stack can be divided into two regions (Fig. 
5(b)). The lower shaded region remains within the 
allowable limit after mapping to SOH = 1, whereas the 
upper region exceeds the constraint. 

In summary, under mixed-operation conditions with 
high and low SOH stacks, a single-reference-SOH 
equivalence approach cannot guarantee that operating 
points remain within feasible and optimal regions. 
Therefore, a multi-reference SOH-based power 
equivalence strategy is required. 

3.4 Interpretation of Power Equivalence under ADP 

The power allocation problem of a multi-stack SOFC 
system can be formulated as a dynamic programming 
(DP) problem. The system state is defined as the SOH 
vector 𝑥𝑘 , and the control variable is the power 
allocation vector 𝑢𝑘. The state evolves according to the 
degradation dynamics: 𝑥𝑘+1 = 𝑓(𝑥𝑘 , 𝑢𝑘). 

The lifecycle optimization objective is (6): 

 𝐽 = ∑ 𝐿𝑘(𝑥𝑘 , 𝑢𝑘) + 𝜙(𝑥𝑁)
𝑁−1
𝑘=0  () 

where 𝐿𝑘 denotes the stage cost and 𝜙 represents the 
terminal cost associated with system end-of-life. 
According to Bellman’s optimality principle, the optimal 
value function satisfies: 

 𝑉𝑘(𝑥𝑘) = min
𝑢𝑘

{𝐿𝑘(𝑥𝑘 , 𝑢𝑘) + 𝑉𝑘+1(𝑥𝑘+1)} () 

where 𝑉𝑘(𝑥𝑘)represents the minimum cumulative cost 
from stage 𝑘to the end of the lifecycle starting from 
state 𝑥𝑘, i.e., the optimal value function. It characterizes 
the long-term operating cost associated with the current 
SOH state. 

However, the DP model is intractable due to the 
curse of dimensionality. For a system with n stacks and 
m SOH levels per stack, the state space size is 𝑚𝑛. In the 
four-stack case, SOH is discretized over [1.0, 0.8] with a 
step of 0.01, resulting in 21 levels and 214  = 194481 
state combinations, which is computationally prohibitive 
for real-time applications. 

To address this issue, the proposed power 
equivalence is interpreted as a state aggregation method 
within the ADP framework. Based on the power 
equivalence factor, an equivalence relation among SOH 
states is defined: states are merged when the distance 
between their efficiency–lifetime distributions is below a 
given threshold. Consequently, the high-dimensional 
state space is reduced to three representative states 
(SOH = 1, 0.9, 0.8), achieving effective dimensionality 
reduction. 

4. RESULTS 
Power equivalence quantifies the power 

correspondence required to achieve consistent 
efficiency and lifetime characteristics under different 
SOH conditions. Although it does not directly constitute 
a system-level optimization strategy, it provides critical 
theoretical support for addressing the high 
computational complexity and poor real-time 
performance associated with optimizing high-
dimensional health states in multi-stack SOFC systems. 
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Its application in multi-stack scenarios can be 
summarized as follows: 

• By leveraging power equivalence, equivalent 
power conversion among stacks with different 
degradation levels can be achieved. The 
performance of each stack can then be uniformly 
mapped to a reference SOH state for optimization, 
thereby avoiding exhaustive global optimization 
over high-dimensional SOH combinations and 
significantly reducing computational complexity. 

• Integrating power equivalence with SOH-
dependent safe power upper-bound constraints 
enables rapid validation of power allocation results 
while maintaining equivalent performance. This 
ensures safe stack operation and provides a basis 
for evaluating power reachability under severe 
degradation conditions. 

• Power equivalence provides a clear and 
interpretable optimization pathway for power 
allocation. When combined with optimization 
algorithms, it can effectively mitigate blind search 
and unstable convergence issues commonly 
encountered by traditional algorithms under high-
dimensional coupling conditions, thereby 
improving computational efficiency and 
operational reliability. 

5. CONCLUSIONS 
This paper proposes a power equivalence method 

based on the SOH evolution of a single stack. Within the 
ADP framework, the power equivalence factor is 
employed to reduce the dimensionality of the high-
dimensional SOH space, while SOH-dependent safe 
power upper bounds are introduced to determine the 
feasible operating region of each stack. On this basis, the 
role and application scenarios of power equivalence in 
the lifecycle collaborative optimization of multi-stack 
systems are clarified, thereby laying a theoretical 
foundation for subsequent research on real-time power 
reconfiguration in multi-stack systems. 
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    V  k (   x  k )


    S O H  r e f


  k


  𝒊


    x  k


  𝑺 𝑬


    P  S O H , i


    𝜸  𝜼 ,   𝜸  𝑳
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  S (   S O H  i )


  𝑨 𝑭 𝑹


    R  d  ( t ) = ( 0 . 54   𝜂  f u e l + 0 . 59 ) (   e  2 . 64 i − 1 )   1 + exp ⁡ (     T  g − 12  2 . 36 )  1 + exp ⁡ (     T  a − 1173  22 . 4 )


  J =   ∑  k = 0  N − 1    L  k  (   x  k ,   u  k ) + 𝜙 (   x  N )


  K  ( S O H ) = a ∙   S O H 2 + b ∙ S O H + c


  V =   


    u  k


  =    ∑  j = 1 14    (     F →    S O H  i , P  j −     F →    S O H  r e f ,   P  r e f  j ) 2


  S O   H  i


      F →    S O H  r e f ,   P  r e f


    S O H  i


    𝑻  𝒈 , 𝒊


    𝝈  𝜼 ,   𝝈  𝑳


    V  k (   x  k ) =    min    u  k ⁡  {   L  k  (   x  k ,   u  k ) +   V  k + 1 (   x  k + 1 ) }


      𝓰  𝜼 - ,     𝓰  𝑳 -


    P  S O H , i


    𝝁  𝜼 ,   𝝁  𝑳


  𝜙


    𝑻  𝑷 𝑬 𝑵 , 𝒊


    𝑰  𝒊


    P  m a x  ( S O H ) =   P  m a x  ( S O H = 1 ) ∙ S O H


    u  k


    R 2


    𝑻  𝑩


    𝜿  𝜼 ,   𝜿  𝑳


    S O H  r e f


    P  S O H , r e f


    L  k


    S O H  i


  S O   H  i


      S O H  i


    P  S O H , r e f


      F →    S O H  i , P


  𝒊


    x  k


    S O H  r e f


    S O H  r e f


    P  S O H , r e f


    S O H  r e f


      F →    S O H  i , P


  𝑭 𝑼


  𝒊


    P  S O H , i

