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ABSTRACT 
When coupling the Free Piston Engine (FPE) to the 

Permanent Magnet Linear Synchronous Machine 
(PMLSM) to produce electrical energy, its intrinsic multi-
directional and non-linear dynamics have been typically 
described in a simplified mono-directional and linear 
fashion when considering a system-level modelling 
approach.  

This paper presents a detailed, multi-directional, 
multi-domain model of the FPE and PMLSM. The model 
was implemented in an opposed-piston free-piston 
engine configuration and validated against experimental 
data captured from a prototype with identical 
parameters. The simulation results indicate a strong 
correlation to the experimental data, which captured the 
dominant dynamics of the FPE and proved the 
satisfactory accuracy and performance of the model.  

 This study considers the characteristic multi-
directional nature and non-linearity of the machine 
dynamics and its interactions with multi-physical 
domains such as electrical, mechanical, and pneumatic. 

Keywords: free-piston engine (FPE), permanent magnet 
linear synchronous machine (PMLSM), non-linear 
modelling, multi-domain modelling, in-cylinder 
modelling  

NONMENCLATURE 

Abbreviations 

FPE Free-Piston Engine  

PMLSM 
Permanent Magnet Linear 
Synchronous Machine 

CPE Conventional Piston Engine 
RESS Rechargeable Energy Storage System 

Symbols 
𝐴 Area [𝑚2] 

𝐶𝑑  Discharge Coefficient 

Ψ Flux Linkage [𝑊𝑏] 

𝐹 Force [𝑁] 

γ Specific Heat Ratio 

𝐻 Enthalpy [𝐽] 

𝑖 Current [𝐴] 
𝐾𝑓 Force Constant [𝑁/𝐴] 

𝐿 Inductance [𝐻] 

𝑚 Mass of Gas Mixture [𝑘𝑔] 

�̇� Mass Flow Rate of Mixture [𝑘𝑔/𝑠] 

𝑀 Mass of Solid [𝑘𝑔] 

𝑃 Absolute Pressure [𝑏𝑎𝑟] 

𝑄 Thermal Heat Energy [𝐽] 

𝑅_𝑠 Resistance [Ω] 

𝑇 Temperature [𝐾] 

𝑉 Volume [𝑚3] 

𝑣 Voltage [𝑣] 

𝑥𝑚 Translator Position [𝑚] 

𝑥�̇� Translator Velocity [𝑚/𝑠] 

𝑥�̈� Translator Acceleration [𝑚/𝑠2] 

1. INTRODUCTION
Modern times have been a motivational driver and

enabler of low carbon emissions technology 
development. 

Global carbon emissions reduction can be 
considered a worldwide challenge, with industry and 
academia actively engaged in developing a viable 
solution. In the modern era, with the rapid technological 
advances in low carbon solutions, renewed interest and 
development in future thermal propulsion technologies 
such as the Free Piston Engine (FPE) have increased [1–
3]. 

Technological institutes, as well as industry led by 
private companies, are investigating the applications and 
usefulness of the FPE as a practical solution to reduce in-
cylinder combustion emissions. The FPE is a unique 
thermal hybrid propulsion machine with a higher 
thermal efficiency than its counterpart, the Conventional 
Reciprocating Piston Engine (CPE). Moreover, the system 
dynamics intrinsically influence the piston motion, 
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advantages of which can lead to the optimisation of 
several operational modes [4,5]. 

1.1 Existing Research 

   The research presented in the FPE modelling 
literature focuses on a mono-directional and linear 
description of the machine dynamics. The following key 
studies have conducted a system-level and control-
orientated approach describing the machine dynamics 
during motoring and power generation [6–12]. 
   The majority of the FPE PMLSM research recognised 
that a linear mathematical description of the FPE is 
computationally cheap and can be used in a system-level 
approach. However, they may fail to describe the 
characteristic multi-directional and non-linear load 
interactions fully. Furthermore, previous FPE system-
level studies did not account for the non-linearity of the 
PMLSM, preferring to describe the dynamics in a 
simplified linear fashion. The key novelty in this study is 
the inherent non-linearities of the FPE, and PMLSM itself 
will be considered.  
   The paper aims to present the initial findings of an 
opposed-piston FPE modelling study, furthermore, one 
that considers a non-linear and system-level modelling 
approach. 

2. OPPOSED-PISTON FPE MODELLING

   The FPE, including the PMLSM, can be described as 
operating in two distinct modes, motoring mode (motor) 
and generating mode (generator), whereby the 
electromagnetic force produces an oscillatory 
translational motion (linear in this sense) [13]. The 
energy flow of the proposed model is illustrated below in 
Fig. 1 [14].  

Fig. 1 FPE Energy Flow Schematic 

    where the electrical domain variables 𝑣 and 
𝑖 (orange blocks) are voltage and current, the mechanical 
domain variables 𝑉  and 𝑝  (blue blocks) are cylinder 
volume and pressure, respectively. The thermal domain 
variable 𝑄  is the stator thermal energy flow. In 
addition, the models describing the PMLSM, 
Rechargeable Energy Storage System (RESS), heat loss, 
and bounce chambers (grey blocks) were created in 
SimScape and the in-cylinder model in Simulink. 

   The opposed-piston FPE architecture is considered 
and presented in this study, as illustrated below in Fig. 2. 

Fig. 2 Opposed-Piston FPE Schematic 

The main components highlighted above in Fig. 2 
include the rebound device, in this case, a pneumatic 
Bounce Chamber (BC), the PMLSM, the translator (piston 
and rotor assembly), and the cylinder assembly. 

The equivalent three-phase electrical circuit, the 
translational mechanical circuit, thermal circuit, and 
thermodynamic load circuit of the proposed opposed-
piston FPE model with its characteristic multi-directional 
architecture is illustrated below in Fig. 3. A detailed 
description of the Simscape variables is given in [15,16]. 

2.1 Non-Linear PMLSM Mathematical Description 

This study applies the established Clarke Park 𝑑𝑞0 
reference frame transform to the three-phase stator 
dynamics and yields the following [17,18]: 

𝐿𝑑

𝑑𝑖𝑑

𝑑𝑡
= 𝑣𝑑 − 𝑅𝑠𝑖𝑑 + 𝑁𝑝𝑖𝑞𝐿𝑞𝑥�̇�

(1) 

𝐿𝑞

𝑑𝑖𝑞

𝑑𝑡
= 𝑣𝑞 − 𝑅𝑠𝑖𝑞 − 𝑁𝑝𝑥�̇�(𝑖𝑑𝐿𝑑 + Ψ𝑝𝑚) 

(2) 

𝐿0

𝑑𝑖0

𝑑𝑡
= 𝑣0 − 𝑅𝑠𝑖0 

(3)
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   where first, 𝑣𝑑, 𝑣𝑞  and 𝑣0 are the transformed 

stator 𝑑, 𝑞 and 0 axis voltages, second, 𝑅𝑠 is the 
idealised resistance in the stator, third, 𝑖𝑑, 𝑖𝑞 and 

𝑖0 are the stator 𝑑, 𝑞 and 0 axis currents, fourth, 𝐿𝑑 , 
𝐿𝑞  and 𝐿0 are the stator inductances, fifth, Ψ the 

flux linkage and finally, 𝑁𝑝 is the pole pitch factor. 

   In addition, applying the Clarke Park 𝑑𝑞0 transform 
to the electric force 𝐹𝑒 description yields the following: 
 
 

𝐹𝑒 =
3

2
𝑁𝑝[𝑖𝑞(𝑖𝑑𝐿𝑑 + Ψ𝑝𝑚) − 𝑖𝑑𝑖𝑞𝐿𝑞] 

(4) 

 
2.1.1 Mechanical Dynamics 

The mechanical forces experienced by each FPE 
translator are described by Newton's 2nd law of motion, 
relating the electric machine rotor force 𝐹𝑒  and rotor 
acceleration (translator) 𝑥�̈�  as: 

 
M𝑥�̈� = 𝐹𝑒 − 𝐹𝑐𝑦𝑙 − 𝐹𝑓𝑟 + 𝐹𝑏𝑐  

(5) 

   where 𝑀 , 𝑥�̈� ,  𝐹𝑐𝑦𝑙 , 𝐹𝑓𝑟 , and 𝐹𝑏𝑐  are the 

translator mass (piston and rotor assembly), translator 
acceleration, the in-cylinder force as acting upon the 
translator, the total damping forces as acting upon the 
translator, and the bounce chamber force, respectively. 

 

2.2 In-Cylinder Mathematical Modelling 

This study presents a zero-dimensional and single-
zone model that describes the in-cylinder gas 
temperature, pressure, mass, and energy evolution over 
a two-stroke cycle and assumes the composition to be 
uniform and homogeneous throughout. 

Represented mathematically and assuming the in-
cylinder gases obey the ideal gas law, with the constant 

volume specific heat constant 𝐶𝑣  and the gas constant 
𝑅𝑔  as continuous throughout the process, it can be 

shown [13,19]: 
 

𝑑𝑈

𝑑𝑡
=

𝑑𝑄

𝑑𝑡
− 𝑃

𝑑𝑉

𝑑𝑡
+ ∑ 𝐻𝑖

̇ − ∑ 𝐻�̇�  

(6) 

   where 
𝑑𝑈

𝑑𝑡
 is the time derivative of internal energy, 

𝑑𝑉

𝑑𝑡
 is the time derivative of volumetric work, 

𝑑𝑄

𝑑𝑡
 is the 

time derivative of heat addition and loss of the system, 
𝐻𝑖  is the inlet charge enthalpy, and 𝐻𝑒  is the exhaust gas 
enthalpy. 
    Heat addition and loss in the closed in-cylinder 
process consist of heat energy added to the system 
through combustion and heat loss to the system through 
heat transfer. In this case, the total heat energy loss is 
shown as: 
 

𝑑𝑄

𝑑𝑡
= −

𝑑𝑄𝐻𝑇

𝑑𝑡
 

(7) 

   where 𝑄𝐻𝑇 is the heat loss energy. 
 

2.2.1 Compression and Expansion Process 

Applying the first law of thermodynamics can show 
the time evolution of the in-cylinder pressure 𝑃 as [13]: 

 

𝑑𝑃

𝑑𝑡
= − [

γ − 1

𝑉
] − [

𝑑𝑄𝐻𝑇

𝑑𝑡
] − γ [

𝑃

𝑉
] [

𝑑𝑉

𝑑𝑡
] 

− [
𝑝γ

𝑚𝑎𝑖𝑟
] [

𝑑𝑚𝑎𝑖𝑟

𝑑𝑡
] + [

𝛾 − 1

𝑉
] ∑ 𝑚𝑖

𝑖

 ℎ𝑖 

(8) 

   where γ =
𝐶𝑝

𝐶𝑣
 is the specific heat ratio and 𝐶𝑝  𝑖s the 

constant pressure specific heat constant.  

 

Fig.3 Opposed-Piston FPE Motoring Model Schematic Fig. 3 Model Fig. 3 Opposed-Piston FPE Motoring Model Schematic 
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   The net air in-cylinder mass flow rate can be shown 
as 𝑚𝑎𝑖𝑟̇ = 𝑚𝑖𝑛̇ − 𝑚𝑒𝑥̇ − 𝑚𝑙̇ . Where 𝑚𝑖𝑛̇ , 𝑚𝑒𝑥̇ , 𝑚𝑙̇  
are the mass flow rate through the intake ports, the mass 
flow rate through the exhaust ports, and the mass flow 
rate past the piston ring pack. 

2.3 Gas Exchange Process 

The intake mass flow rate 𝑚𝑖𝑛̇  and exhaust mass 
flow rate 𝑚𝑒𝑥̇  through the scavenging ports (uni-flow 
port configuration) are determined by the discharge 
area, which in the case of the intake mass flow rate is 
shown as 𝐴𝑖𝑛, the intake discharge coefficient 𝐶𝑑  and 
the upstream and downstream cylinder pressure 𝑝𝑢 and 
𝑝𝑑, respectively [19,20]. 

2.4 Heat Loss 

The idealised heat loss through the cylinder walls, 
assuming uniform and quasi-steady behaviour described 
as [19,21]: 

 

𝑄𝐻𝑇
̇ = ℎ𝑡  𝐴𝑐𝑦𝑙(𝑇 − 𝑇𝑤𝑎𝑙𝑙) 

(9) 

   where ℎ𝑡  is the heat transfer coefficient described 
by the Woschni correlation, 𝐴𝑐𝑦𝑙 is the cylinder surface 

area and 𝑇𝑤𝑎𝑙𝑙  is the chamber surface temperature. The 
Hohenberg extended Woschni correlation is shown as 
[22]: 
 

ℎ = 𝐶1 𝑉𝑐𝑦𝑙
−0.06  [

𝑝𝑢

105
]

0.8

𝑇−0.4 (𝑥�̇� + 𝐶2)0.8 

(10) 

   where, 𝐶1  and 𝐶2 are constants, 𝑉𝑐𝑦𝑙 is the 

instantaneous cylinder volume, 𝑝𝑢 and 𝑇 are upstream 
pressure and temperature, respectively, and 𝑥𝑚  ̇ the 
average piston velocity. 

2.5 Friction 

The net friction 𝐹𝑓𝑟   is described as that from the 

contact of the piston ring pack to the cylinder 𝐹𝑓𝑟𝑐𝑦𝑙 , the 

contact friction seen by the PMLSM rotor 𝐹𝑓𝑟𝑒  and the 

bounce chamber ring pack 𝐹𝑓𝑟𝑏𝑐   and is shown as: 

 
𝐹𝑓𝑟 = 𝐹𝑓𝑟𝑐𝑦𝑙 + 𝐹𝑓𝑟𝑒 + 𝐹𝑓𝑟𝑏𝑐  

(11) 

Describing the PMLSM friction 𝐹𝑓𝑟𝑒  due to contact 

between the rotor and stator, the friction of the bounce 
chamber 𝐹𝑓𝑟𝑏𝑐  due to contact between the piston 

sealing ring and bore are both assumed to be constant 
due to the relatively low piston velocity seen by the FPE, 

shown as 𝐹𝑓𝑟𝑒 = −𝐶𝑒  𝑠𝑖𝑔𝑛(𝑥�̇�) and 𝐹𝑓𝑟𝑏𝑐 =

−𝐶𝑏𝑐  𝑠𝑖𝑔𝑛(𝑥�̇�),  respectively. 
 
where 𝐶𝑒  and 𝐶𝑏𝑐  are friction constants for the 

electric machine and bounce chamber, respectively, and 
𝑠𝑖𝑔𝑛(𝑥�̇�) is the direction of the translator velocity. 

The piston ring friction force is due to the tension in 
the compression ring and the oil control ring against the 
cylinder bore. In addition, the in-cylinder gas pressure 
acts upon the piston, creating pressure on the rear and 
top faces of the rings, producing a radial force [23]. 

3. MOTORING CONTROL 

Implementation of a model-based motoring control 
scheme was conducted in Simscape. This study selected 
a control objective of piston position tracking for model 
validation, whereby a linear cascaded control 
architecture was designed, optimised, and employed. 

4. MODEL VALIDATION 

Concerning validation of the FPE model as described 
above in Section 2, experimental test data was captured 
from a rig-mounted prototype opposed-piston FPE, as 
presented below in Fig. 4 [24]. 

 

    The experimental hardware was fed with a Direct 
Current (DC) bus supply voltage of 600 𝑣 and operated 
at a target frequency of 18.5 𝐻𝑧. Additionally, the FPE 
experimental parameters are presented below in Table 
1. 

Fig. 4 Opposed-Piston FPE Experimental Test 
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Table 1. Opposed-Piston FPE Experimental Parameters 

 Parameters Symbol Value 

System Operating Frequency 𝑓 18.5 𝐻𝑧 

 PWM Frequency 𝑓𝑠𝑤 8.0 𝐾𝐻𝑧 

 DC Bus Voltage 𝑣𝑑𝑐 600 𝑣 

FPE Cylinder Bore 𝐵 0.075 𝑚 

 Max Displacement 𝑥𝑚𝑎𝑥 0.133 𝑚 

 Compression Ratio 𝐶𝑅 11.5: 1 

 Air Intake Pressure 𝑝𝑖𝑛  1.2 𝑏𝑎𝑟 

 BC Supply Pressure 𝑝𝑏𝑐 0.6 𝑏𝑎𝑟 

PMLSM Armature Resistance 𝑅𝑠 1.5 Ω 

 Armature Inductance 𝐿𝑠 0.011 𝐻 

 Pole Pitch τ 0.08 𝑚 

 Translator Mass 𝑀 6.0 𝑘𝑔 

 Viscous Damping 𝐶𝑒 250 𝑘𝑔/s 

 Max Stator Current 𝑖𝑚𝑎𝑥 120 𝐴 

 

4.1 Results 

    Fig. 5 above presents the correlation between the 
proposed non-linear and multi-domain FPE model and 
FPE experimental data. The qualitative comparison 
indicates that the observed model results are similar to 
the experimental results. Most importantly, the 
proposed model described in Section 2 can capture the 
mechanical and thermodynamic performance of the FPE, 
which is essential for a model to be implemented in a 
system-level model and represent the machine’s 
dominant non-linear dynamics. 

5. CONCLUSION 

This study set out to fill the gap in the current FPE 
literature concerning describing the dynamics of the FPE 
in a multi-directional, non-linear, and multi-domain 
fashion. Consequently, a non-linear and multi-domain 
equivalent opposed-piston FPE model was first 
presented, followed by a mathematical description of 
the dynamics. Finally, this study demonstrated the 

proposed FPE model to assess its functionality and 
performance.  

The qualitative validation presented the relationship 
between the experimental data and model data, 
demonstrating that the proposed model captured the 
experimental hardware’s dominant dynamics and 
satisfied the key focus set out in this study. Furthermore, 
the model naturally considered the non-linearity of the 
machine dynamics and interactions with multi-physical 
domains. This demonstrated that the proposed model 
could be incorporated and implemented in a modelling 
approach that considers system-level design.  
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